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Abstract
In this paper, we introduce a new class of mappings and prove the demiclosedness
principle for mappings of this type in a CAT(0) space. Also, we obtain the strong and
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1 Introduction
Contractive mappings and iteration processes are some of the main tools in the study
of ﬁxed point theory. There are many contractive mappings and iteration processes that
have been introduced and developed by several authors to serve various purposes in the
literature (see [–]).
Imoru and Olantiwo [] gave the following contractive deﬁnition.
Deﬁnition  Let T be a self-mapping on a metric space X. The mapping T is called a
contractive-like mapping if there exist a constant δ ∈ [, ) and a strictly increasing and
continuous function ϕ : [,∞)→ [,∞) with ϕ() =  such that, for all x, y ∈ X,
d(Tx,Ty)≤ δd(x, y) + ϕ(d(x,Tx)). (.)
Thismapping ismore general than those considered by Berinde [, ], Harder andHicks
[], Zamﬁrescu [], Osilike and Udomene [].
By taking δ =  in (.), we deﬁne a new class of mappings as follows.
Deﬁnition  Themapping T is called a generalized nonexpansive mapping if there exists
a non-decreasing and continuous function ϕ : [,∞)→ [,∞) with ϕ() =  such that, for
all x, y ∈ X,
d(Tx,Ty)≤ d(x, y) + ϕ(d(x,Tx)). (.)
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Remark  For x ∈ F(T) in (.), we have
d(x,Ty) = d(Tx,Ty)≤ d(x, y) + ϕ(d(x,Tx)) = d(x, y).
If X is an interval of R, then F(T) is convex. The same is also true in each space with
unique geodesic for each pair of points (e.g., metric trees or CAT() spaces).
In the case ϕ(t) =  for all t ∈ [,∞), it is easy to show that every nonexpansive mapping
satisﬁes (.), but the inverse is not necessarily true.




 if x = ,
 if x = .
















=  . = d(, .).
Therefore T is a generalized nonexpansive mapping, but T is not nonexpansive mapping.
Both a contractive-likemapping and a generalized nonexpansivemapping need not have





 if ≤ x≤ .,
. if . < x < +∞.
It is proved in Gürsoy et al. [] that T is a contractive-like mapping. Similarly, one can
prove that T is a generalized nonexpansive mapping. But the mapping T has no ﬁxed
point.
By using (.), it is obvious that if a contractive-like mapping has a ﬁxed point, then it is
unique. However, if a generalized nonexpansivemapping has a ﬁxed point, then it need not
be unique. For example, let R be the real line with the usual norm | · |, and let K = [–, ].




x if x ∈ [, ],
–x if x ∈ [–, ).
Now, we show that T is a nonexpansive mapping. In fact, if x, y ∈ [, ] or x, y ∈ [–, ),
then we have
|Tx – Ty| = |x – y|.
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If x ∈ [, ] and y ∈ [–, ) or x ∈ [–, ) and y ∈ [, ], then we have
|Tx – Ty| = |x + y| ≤ |x – y|.
This implies that T is a nonexpansive mapping and so T is a generalized nonexpansive
mapping with ϕ(t) =  for all t ∈ [,∞). But F(T) = {x ∈ K ; ≤ x≤ }.
Agarwal et al. [] introduced the S-iteration process which is independent of those of
Mann [] and Ishikawa [] and converges faster than both of these.We apply this iteration
process in a CAT() space as
⎧⎪⎪⎨
⎪⎪⎩
x ∈ K ,
xn+ = ( – αn)Txn ⊕ αnTyn,
yn = ( – βn)xn ⊕ βnTxn, n≥ .
(.)
Gürsoy et al. [] introduced a new multi-step iteration process in a Banach space. We
modify this iteration process in a CAT() space as follows.
For an arbitrary ﬁxed order k ≥ ,
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
x ∈ K ,
xn+ = ( – αn)yn ⊕ αnTyn,
yn = ( – βn)yn ⊕ βnTyn,
yn = ( – βn)yn ⊕ βnTyn,
· · ·
yk–n = ( – βk–n )yk–n ⊕ βk–n Tyk–n ,




x ∈ K ,
xn+ = ( – αn)yn ⊕ αnTyn,
yin = ( – β in)yi+n ⊕ β inTyi+n , i = , , . . . ,k – ,
yk–n = ( – βk–n )xn ⊕ βk–n Txn, n≥ .
(.)
By taking k =  and k =  in (.), we obtain the SP-iteration process of Phuengrattana
and Suantai [] and the two-step iteration process of Thianwan [], respectively.
In this paper, motivated by the above results, we prove demiclosedness principle for
a new class of mappings and the -convergence theorems of the new multi-step itera-
tion and the S-iteration processes for mappings of this type in a CAT() space. Also, we
present the strong convergence theorems of these iteration processes for contractive-like
mappings in a CAT() space.
2 Preliminaries on a CAT(0) space
A metric space X is a CAT() space if it is geodesically connected and if every geodesic
triangle in X is at least as ‘thin’ as its comparison triangle in the Euclidean plane. Fixed
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point theory in aCAT() spacewas ﬁrst studied byKirk (see [, ]). He showed that every
nonexpansive mapping deﬁned on a bounded closed convex subset of a complete CAT()
space always has a ﬁxed point. Since then the ﬁxed point theory in aCAT() space has been
rapidly developed and many papers have appeared (see [–]). It is worth mentioning
that the results in a CAT() space can be applied to any CAT(k) space with k ≤  since any
CAT(k) space is a CAT(k′) space for every k′ ≥ k (see [, p.]).
Let (X,d) be a metric space. A geodesic path joining x ∈ X to y ∈ X (or more brieﬂy, a
geodesic from x to y) is a map c from a closed interval [, l] ⊂ R to X such that c() = x,
c(l) = y and d(c(t), c(t′)) = |t – t′| for all t, t′ ∈ [, l]. In particular, c is an isometry and
d(x, y) = l. The image of c is called a geodesic (ormetric) segment joining x and y. When it
is unique, this geodesic is denoted by [x, y]. The space (X,d) is said to be a geodesic space
if every two points of X are joined by a geodesic and X is said to be a uniquely geodesic if
there is exactly one geodesic joining x to y for each x, y ∈ X.
A geodesic triangle (x,x,x) in a geodesic metric space (X,d) consists of three points
in X (the vertices of ) and a geodesic segment between each pair of vertices (the edges
of ). A comparison triangle for the geodesic triangle (x,x,x) in (X,d) is a triangle
(x,x,x) =(x,x,x) in the Euclidean plane R such that
dR (xi,xj) = d(xi,xj)
for i, j ∈ {, , }. Such a triangle always exists (see []).
A geodesic metric space is said to be a CAT() space [] if all geodesic triangles of
appropriate size satisfy the following comparison axiom.
CAT() Let be a geodesic triangle inX , and let be a comparison triangle for. Then
is said to satisfy the CAT() inequality if for all x, y ∈  and all comparison points
x, y ∈ ,
d(x, y)≤ dR (x, y).
We observe that if x, y, y are points of a CAT() space and if y is the midpoint of the
segment [y, y], then the CAT() inequality implies that
d(x, y) ≤ d(x, y)
 + d(x, y)
 – d(y, y)
. (.)
The equality holds for the Euclidean metric. In fact (see [, p.]), a geodesic metric
space is a CAT() space if and only if it satisﬁes the inequality (.) (which is known as the
CN inequality of Bruhat and Tits []).
Let x, y ∈ X, by [, Lemma .(iv)] for each t ∈ [, ], there exists a unique point z ∈ [x, y]
such that
d(x, z) = td(x, y), d(y, z) = ( – t)d(x, y). (.)
From now on, we will use the notation ( – t)x⊕ ty for the unique point z satisfying (.).
By using this notation, Dhompongsa and Panyanak [] obtained the following lemmas
which will be used frequently in the proof of our main results.
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Lemma  Let X be a CAT() space. Then
d
(
( – t)x⊕ ty, z)≤ ( – t)d(x, z) + td(y, z)
for all t ∈ [, ] and x, y, z ∈ X.
Lemma  Let X be a CAT() space. Then
d
(
( – t)x⊕ ty, z) ≤ ( – t)d(x, z) + td(y, z) – t( – t)d(x, y)
for all t ∈ [, ] and x, y, z ∈ X.
3 Demiclosedness principle for a new class of mappings
In  Lim [] introduced the concept of convergence in a general metric space set-
ting which is called -convergence. Later, Kirk and Panyanak [] used the concept of
-convergence introduced by Lim [] to prove on a CAT() space analogs of some Ba-
nach space results which involveweak convergence. Also, Dhompongsa and Panyanak []
obtained the -convergence theorems for the Picard, Mann and Ishikawa iterations in a
CAT() space for nonexpansive mappings under some appropriate conditions.
Now, we recall some deﬁnitions.


















: x ∈ X},










: x ∈ K}.
























Proposition  ([, Proposition .]) Let {xn} be a bounded sequence in a completeCAT()
space X, and let K be a closed convex subset of X , then A({xn}) and AK ({xn}) are singletons.
Deﬁnition  ([, Deﬁnition .]) A sequence {xn} in a CAT() space X is said to be
-convergent to x ∈ X if x is the unique asymptotic center of {un} for every subsequence
{un} of {xn}. In this case, we write - limn xn = x and x is called the -limit of {xn}.
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Lemma 
(i) Every bounded sequence in a complete CAT() space always has a -convergent
subsequence (see [, p.]).
(ii) Let K be a nonempty closed convex subset of a complete CAT() space, and let {xn}
be a bounded sequence in K . Then the asymptotic center of {xn} is in K (see [,
Proposition .]).
Lemma ([, Lemma .]) If {xn} is a bounded sequence in a completeCAT() space with
A({xn}) = {x}, {un} is a subsequence of {xn} with A({un}) = {u} and the sequence {d(xn,u)}
converges, then x = u.
Let {xn} be a bounded sequence in aCAT() spaceX, and letK be a closed convex subset
of X which contains {xn}. We denote the notation
{xn}⇀ w ⇔ (w) = infx∈K(x), (.)
where (x) = lim supn→∞ d(xn,x).
We note that {xn}⇀ w if and only if AK ({xn}) = {w} (see []).
Nanjaras and Panyanak [] gave a connection between the ‘⇀’ convergence and
-convergence.
Proposition  ([, Proposition .]) Let {xn} be a bounded sequence in a CAT()
space X, and let K be a closed convex subset of X which contains {xn}.Then- limn→∞ xn =
p implies that {xn}⇀ p.
By using the convergence deﬁned in (.), we obtain the demiclosedness principle for the
new class of mappings in a CAT() space.
Theorem  Let K be a nonempty closed convex subset of a complete CAT() space X, and
let T : K → K be a generalized nonexpansivemapping with F(T) = ∅. Let {xn} be a bounded
sequence in K such that {xn}⇀ w and limn→∞ d(xn,Txn) = . Then Tw = w.
Proof By the hypothesis, {xn} ⇀ w. Then we have AK ({xn}) = {w}. By Lemma (ii), we
obtain A({xn}) = {w}. Since limn→∞ d(xn,Txn) = , then we have
(x) = lim sup
n→∞
d(xn,x) = lim sup
n→∞
d(Txn,x) (.)
for all x ∈ K . By taking x = Tw in (.), we have
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The rest of the proof closely follows the pattern of Proposition . in Nanjaras and Pa-
nyanak []. Hence Tw = w as desired. 
Now, we prove the -convergence of the new multi-step iteration process for the new
class of mappings in a CAT() space.
Theorem Let K be a nonempty closed convex subset of a completeCAT() space X, let T :
K → K be a generalized nonexpansive mapping with F(T) = ∅, and let {xn} be a sequence
deﬁned by (.) such that {αn}, {β in} ⊂ [, ], i = , , . . . ,k –  and {βk–n } ⊂ [a,b] for some
a,b ∈ (, ). Then the sequence {xn} -converges to the ﬁxed point of T .
Proof Let p ∈ F(T). From (.), (.) and Lemma , we have
d(xn+,p) = d
(
( – αn)yn ⊕ αnTyn,p
)










































































)≤ · · · ≤ d(yk–n ,p
)≤ d(xn,p). (.)
This inequality guarantees that the sequence {d(xn,p)} is non-increasing and bounded












) = d(( – βk–n
)
xn ⊕ βk–n Txn,p
)
≤ ( – βk–n
)
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which implies that






Thus limn→∞ d(xn,Txn) = . To show that the sequence {xn} -converges to a ﬁxed point







and W(xn) consists of exactly one point. Let u ∈ W(xn). Then there exists a subse-
quence {un} of {xn} such that A({un}) = {u}. By Lemma , there exists a subsequence {vn}
of {un} such that - limn→∞ vn = v ∈ K . By Proposition  and Theorem , v ∈ F(T). By
Lemma , we have u = v ∈ F(T). This shows that W(xn) ⊆ F(T). Now, we prove that
W(xn) consists of exactly one point. Let {un} be a subsequence of {xn}with A({un}) = {u},
and let A({xn}) = {x}. We have already seen that u = v and v ∈ F(T). Finally, since {d(xn, v)}
converges, by Lemma , x = v ∈ F(T). This shows that W(xn) = {x}. This completes the
proof. 
We give the following theorem related to the -convergence of the S-iteration process
for the new class of mappings in a CAT() space.
Theorem  Let K be a nonempty closed convex subset of a complete CAT() space X, let
T : K → K be a generalized nonexpansive mapping with F(T) = ∅, and let {xn} be a se-
quence deﬁned by (.) such that {αn}, {βn} ⊂ [a,b] for some a,b ∈ (, ). Then the sequence
{xn} -converges to the ﬁxed point of T .
Proof Let p ∈ F(T). Using (.), (.) and Lemma , we have
d(xn+,p) = d
(
( – αn)Txn ⊕ αnTyn,p
)
≤ ( – αn)d(Txn,p) + αnd(Tyn,p)
















( – βn)xn ⊕ βnTxn,p
)
≤ ( – βn)d(xn,p) + βnd(Txn,p)







From (.) and (.), we have
d(xn+,p)≤ d(xn,p).
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This inequality guarantees that the sequence {d(xn,p)} is non-increasing and bounded
below, and so limn→∞ d(xn,p) exists for all p ∈ F(T). Let
lim
n→∞d(xn,p) = r. (.)
Now, we prove that limn→∞ d(yn,p) = r. By (.), we have
d(xn+,p)≤ ( – αn)d(xn,p) + αnd(yn,p).
This gives that
αnd(xn,p)≤ d(xn,p) + αnd(yn,p) – d(xn+,p)
or











r ≤ lim inf
n→∞ d(yn,p).







By Lemma , we also have
d(yn,p) = d
(
( – βn)xn ⊕ βnTxn,p
)
≤ ( – βn)d(xn,p) + βnd(Txn,p) – βn( – βn)d(xn,Txn)





)} – βn( – βn)d(xn,Txn)
= d(xn,p) – βn( – βn)d(xn,Txn),
which implies that





Thus limn→∞ d(xn,Txn) = . The rest of the proof follows the pattern of the above theorem
and is therefore omitted. 
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4 Strong convergence theorems for a contractive-like mapping
Now, we prove the strong convergence of the new multi-step iteration process for a
contractive-like mapping in a CAT() space.
Theorem  Let K be a nonempty closed convex subset of a complete CAT() space X, let
T : K → K be a contractive-like mapping with F(T) = ∅, and let {xn} be a sequence deﬁned
by (.) such that {αn} ⊂ [, ),∑∞n= αn = ∞ and {β in} ⊂ [, ), i = , , . . . ,k – . Then the
sequence {xn} converges strongly to the unique ﬁxed point of T .
Proof Let p be the unique ﬁxed point of T . From (.), (.) and Lemma , we have
d(xn+,p) = d
(
( – αn)yn ⊕ αnTyn,p
)












































































































Continuing the above process, we have
d(xn+,p) ≤
[
 – αn( – δ)
][
 – βn( – δ)
][
 – βn( – δ)
] · · ·
[
















xn ⊕ βk–n Txn,p
)
≤ ( – βk–n
)
d(xn,p) + βk–n d(Txn,p)












d(xn,p) + βk–n δd(xn,p)
=
[
 – βk–n ( – δ)
]
d(xn,p). (.)
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From (.) and (.), we have
d(xn+,p) ≤
[
 – αn( – δ)
][
 – βn( – δ)
][
 – βn( – δ)
] · · ·
[
 – βk–n ( – δ)
][
 – βk–n ( – δ)
]
d(xn,p)












j= αj d(x,p). (.)





j= αj = .
This together with (.) implies that
lim
n→∞d(xn+,p) = .
Consequently, xn → p ∈ F(T) and this completes the proof. 





for a ﬁxed i = , , . . . ,k – .
Finally, we give the strong convergence theorem of the S-iteration process for a
contractive-like mapping in a CAT() space as follows.
Theorem  Let K be a nonempty closed convex subset of a complete CAT() space X, let
T : K → K be a contractive-like mapping with F(T) = ∅, and let {xn} be a sequence deﬁned
by (.) such that {αn}, {βn} ⊂ [, ].Then the sequence {xn} converges strongly to the unique
ﬁxed point of T .
Proof Let p be the unique ﬁxed point of T . From (.), (.) and Lemma , we have
d(xn+,p) = d
(
( – αn)Txn ⊕ αnTyn,p
)
≤ ( – αn)d(Txn,p) + αnd(Tyn,p)
















( – βn)xn ⊕ βnTxn,p
)
≤ ( – βn)d(xn,p) + βnd(Txn,p)
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= ( – βn)d(xn,p) + βnδd(xn,p)
=
(




Then, from (.) and (.), we get that
d(xn+,p) ≤ ( – αn)δd(xn,p) + αnδd(yn,p)




If δ ∈ (, ), we obtain
lim
n→∞d(xn+,p) = .
Thus we have xn → p ∈ F(T). If δ = , the result is clear. This completes the proof. 
5 Conclusions
The new multi-step iteration reduces to the two-step iteration and the SP-iteration pro-
cesses. Also, the class of generalized nonexpansivemappings includes nonexpansivemap-
pings. Then these results presented in this paper extend and generalize some works for a
CAT() space in the literature.
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